In this paper, we construct a higher rank Euler system for the multiplicative group over a totally real field by using the Iwasawa main conjecture proved by Wiles. A key ingredient of the construction is to generalize the notion of the characteristic ideal. Under certain technical assumptions, we prove that all higher Fitting ideals of a certain p-ramified Iwasawa module are described by analytic invariants canonically associated with Stickelberger elements.
Euler systems were introduced by Kolyvagin in order to study the structure of Selmer groups of elliptic curves. The theory of Euler systems has been playing a crucial role in studying the arithmetic of global Galois representations. However, there are very few known examples of Euler systems (see [18, 22, 23, 24, 32] ).
is a free O[Gal(K ′ /k)]-module of rank [k p : Q p ] (see Corollary A.4) . Here Z p [Gal(K ′ /k)] ι is a free Z p [Gal(K ′ /k)]-module of rank 1 and the action of Z p [Gal(K ′ /k)] is defined by
The action of G k on Z p [Gal(K ′ /k)] ι is induced by its Z p [Gal(K ′ /k)]-action.
Fix an isomorphism
where K ′ runs over all the finite abelian extensions of k.
For each integer s ≥ 0, we denote by ES s (T ) the module of Euler systems of rank s for T (see Definition 2.6). The above fixed isomorphism induces an injective 'rank reduction' homomorphism ES r (T ) ֒−→ ES 0 (T ).
Remark 1.2. A rank reduction homomorphism ES r (T ) −→ ES s (T ) (for 0 ≤ s ≤ r) was considered firstly by Rubin in [31] and Perrin-Riou in [29] . After that, in the papers [4, 5, 6] , Büyükboduk developed a machinery for higher rank Euler systems by using the rank reduction homomorphism.
An Euler system of rank 0 is a collection of elements in group rings satisfying certain normrelations, and, philosophically, it should be related to p-adic L-functions. We actually show in Lemma 3.5 that the collection of p-adic L-functions for the multiplicative group over totally real fields is an Euler system of rank 0. Let L χ p ∈ ES 0 (T ) denote this Euler system. Under this setting, the following is the main result of this paper. Theorem 1.3 (Theorem 3.13). Suppose that • H 0 (G kp , T /mT ) = H 2 (G kp , T /mT ) = 0 for each prime p of k above p, and • the module X χ k is p-torsion-free. Then there is a unique Euler system of rank r in ES r (T ) such that its image under the injection ES r (T ) ֒−→ ES 0 (T ) is L χ p . Remark 1.4. When k = Q, Theorem 1.3 follows from the well-known relation between cyclotomic units and Kubota-Leopoldt p-adic L-functions. In general, we expect that the higher rank Euler system constructed in Theorem 1.3 gives us the conjectural Rubin-Stark units (up to unit multiples). Under the Rubin-Stark conjecture, this expectation is equivalent to the certain relation between the conjectural Rubin-Stark units and p-adic L-functions which has already been considered by Büyükboduk in the papers [4, 5, 7] .
A key ingredient of the proof of Theorem 1.3 is to generalize the notion of the characteristic ideal. In order to define the characteristic ideal of a finitely generated torsion module over a noetherian ring R, we need to impose that R is a normal ring since the definition relies on the structure theorem for finitely generated modules over a normal ring. In this paper, by using an exterior bi-dual instead of the structure theorem, we give a new definition of the characteristic ideal. This new definition is applicable to a finitely generated module over any noetherian ring, and we can compute the image of the injection ES r (T ) ֒−→ ES 0 (T ) by using characteristic ideals of certain Iwasawa modules. Furthermore, by using the classical Iwasawa main conjecture for totally real fields proved by Wiles in [36] , we show that the image contains the Euler system L χ p . As an application of Theorem 1.3, by using the theory of higher rank Euler, Kolyvagin and Stark systems (which have been developed by Rubin in [32] , Mazur-Rubin in [25, 26] , Büyükboduk in [4, 5, 6, 8] , the author in [33] , Burns-Sano in [3] , and Burns-Sano and the Θ i K,∞ = Fitt i ΛK (X χ K ). Remark 1.6. When K = k, Corollary 1.5 has already been proved by Kurihara in [19, 20] . Hence Corollary 1.5 can be viewed as an equivariant generalization of Kurihara's result. In the proof of [20, Theorem 2.1], one of the most important steps is the construction of a certain system of elements {κ n,l }, and Kurihara proved that the system {κ n,l } has some important and beautiful properties.
To prove Corollary 1.5, we will also construct a similar system of elements {κ σ n,n,l } in § 5, and prove that the system {κ σ n,n,l } has the same kind of properties as {κ n,l } (see Proposition 5.6 ). However, the construction of {κ n,l } and that of {κ σ n,n,l } are completely different. In this paper, we use Stark systems in order to construct the system {κ σ n,n,l }. It is assumed in [20] that nl is well-ordered, while we do not need to impose any assumptions in the construction of the system {κ σ n,n,l } and the proof of its properties. We remark that the proof of the equality Θ i k,∞ = Fitt i Λ (X χ k ) is also different from that in [20] . In this paper, this equality is derived from the fact proved in [3, 33] that all higher Fitting ideals of a Selmer group are controlled by Stark systems. This allows us to control all higher Fitting ideals of the Iwasawa module X χ K even in the equivariant case. 1.1. Notation. Let p be an odd prime. For a field k, we fix a separable closure k of k and denote by G k := Gal(k/k) the absolute Galois group of k. Here Q denotes the total ring of fractions of R. This fact tells us that the notion of exterior bi-dual r R M is a generalization of the notion of Rubin-lattice. For a profinite group G and a topological G-module M , let C • (G, M ) denote the complex of inhomogeneous continuous cochains of G with values in M . We also denote the object in the derived category corresponding to the complex C • (G, M ) by RΓ(G, M ). For each integer i ≥ 0, we write H i (G, M ) for its i-th cohomology group.
For any number field k, we denote by S p (k) and S ∞ (k) the set of places of k above p and ∞, respectively. For a finite set S of places of k containing S ∞ (k), we denote by k S the maximal extension of k contained in k which is unramified outside S. Set G k,S := Gal(k S /k).
For a prime q of k, we denote by k q the completion of k at q. For an algebraic extension K/k, we denote by S ram (K/k) the set of primes at which K/k is ramified.
For an abelian extension K/k, we write
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Higher rank Euler systems
In this section, we will recall the definition of a higher rank Euler system and define a characteristic ideal for any finitely generated module over a noetherian ring.
First, let us introduce some notations and hypotheses. Let O be a complete discrete valuation ring of mixed characteristic (0, p) with maximal ideal m. Let k be a number field. In this section, we fix a finite set S of places of a number field k with S ∞ (k) ∪ S p (k) ⊆ S and let T be a free O-module of finite rank on which G k,S acts continuously. We also fix a Z s p -extension k ∞ ⊆ k of k such that s ≥ 1 and no prime of k splits completely in k ∞ . We then put
We take a pro-p abelian extension K ⊆ k of k such that • S ram (K/k) ∩ S = ∅, and • K contains the maximal p-subextension of the ray class field modulo q for all but finitely many primes q of k. We denote the set of finite extensions of k in K by Ω;
We also fix a non-empty subset Σ ⊆ S p (k). For a field K ∈ Ω, we put
We take an integer r > 0. In this section, we assume the following hypotheses:
(H.0) The class number of k is coprime to p.
(H.1) The module H 0 (G kp , T /mT ) vanishes for any prime p ∈ Σ. (H.2) For each field K ∈ Ω, the Λ K -module H 1 f,Σ (T K ) is free of rank r and the canonical map
Definition 2.1. For each field K ∈ Ω, we set
(i) Hypothesis (H.0) implies that, for any field K ∈ Ω, we have the canonical isomorphism
Hence we obtain an isomorphism Λ K ∼ −→ Λ[Gal(K/k)]. In this paper, by using this isomorphism, we identify Λ K with Λ[Gal(K/k)].
(ii) For any Λ K -module M , we have the canonical isomorphism
In particular, Ext i Λ (M, Λ) ∼ = Ext i ΛK (M, Λ K ) for each integer i ≥ 0. Since Λ is a regular local ring with residue field O/m, we have
and we conclude that Λ K is Gorenstein since the residue field of Λ K is also O/m .
. We note that, by the hypothesis (H.3), we have an exact sequence of Λ K -modules
(i) Throughout this paper, we fix an arithmetic Frobenius element Frob q ∈ Gal(k/k) for each prime q of k. (ii) For each prime q ∈ S of k, we define the Frobenius characteristic polynomial at q by
(iii) For a field K ∈ Ω, take a Λ K -module M K . Suppose that {M K } K∈Ω is an inverse system of Λ[[Gal(K/k)]]-modules with transition maps ψ K ′ ,K :
Proof. Let K ∈ Ω be a field. Take a field K ′ ∈ Ω containing K. Since no prime of k splits completely in k ∞ and S K ⊆ S K ′ , we have [32, Corollary B.3.6] ). By hypothesis (H.1), the complex RΓ(G k,S K ′ , T K ′ ) satisfies the assumption in Corollary A.3. Hence RΓ(G k,S K ′ , T K ′ ) is a perfect complex of Λ K ′ -modules having perfect amplitude contained in [1, 2] by Corollary A.3. Since Λ K and Λ K ′ are Gorenstein by Remark 2.2 (ii), Lemma B.14 shows that we have the canonical homomorphism
Let us recall the definition of higher rank Euler systems for T .
Definition 2.6. For an integer r ≥ 0, we define the module ES r (T ) of Euler systems of rank r (for T ) by
Note that ES 0 (T ) = E(T ). Since the canonical map
is injective by Lemma C.1, we can also define Next, let us generalize the notion of characteristic ideals.
Definition 2.8. Let R be a noetherian ring and M a finitely generated R-module. Take an integer r > 0 and an exact sequence of R-modules
We define a characteristic ideal of M by
We study basic properties of characteristic ideals in Appendix C. In particular, we show in Appendix C that the ideal char R (M ) is independent of the choice of the exact sequence 0 −→ N −→ R r −→ M −→ 0 (Remark C.5) and that, when R is a normal ring, the ideal char R (M ) coincides with the usual one (Remark C.14).
Since, by Remark 2.2 (ii), the ring Λ K is Gorenstein for any field K ∈ Ω, the following proposition follows from Theorem C.10. Proposition 2.9. Let K ∈ Ω be a field and M a finitely generated Λ K -module. Then for any Λ K -submodule N of M , we have char ΛK (M ) ⊆ char ΛK (N ).
Proposition 2.10. Assume Hypotheses (H.0) -(H.3). Let us fix an isomorphism
Then it naturally induces an injective homomorphism of Λ[[Gal(K/k)]]-modules
Furthermore, we have
Proof. By the definition of E(T ), the fixed isomorphism
By the same argument as in the proof of Lemma 2.5, we obtain an inverse system
Thus we obtain a diagram
Furthermore, for each field K ∈ Ω, there is also a commutative diagram
These diagrams show the existence of the canonical homomorphism ES f,r (T ) −→ E(T ), and the injectivity follows from Hypothesis (H.3) and Lemma C.1. Since H 1 f,Σ (T K ) is a free Λ K -module of rank r by Hypothesis (H.2), the second assertion follows from the exact sequence (1) and the definition of characteristic ideal.
Higher rank Euler systems over totally real fields
In this section, we will prove the main theorem of this paper. Throughout this section, let k be a totally real field with degree r and χ : G k −→ Q × a non-trivial finite order even character. Let p be an odd prime, coprime to the class number of k and the order of χ. We put
as O-modules and the Galois group G k,S acts on T via the character χ cyc χ −1 , where χ cyc denotes the cyclotomic character of k. We write k ∞ /k for the cyclotomic Z p -extension of k. We also set
Let K denote the maximal pro-p abelian extension of k satisfying S ram (K/k) ∩ S = ∅. Let Ω, Λ K , and T K be as in §2.
Put
In this setting, the injectivity of the direct sum of localization maps (the weak Leopoldt conjecture for the multiplicative group) is proved by Iwasawa in [16] :
Proof. LetS K denote the set of primes of KL above S K . Then, by Shapiro's lemma, we have the following commutative diagram:
] ι and the vertical arrows are the restriction maps. The inflation-restriction exact sequence and [32, Lemma B.3.2] show that both of the vertical arrows are injective, and hence it suffices to prove that
is injective. We note that [32, Corollary B.3.6] implies
Hence, by the Poitou-Tate exact sequence, we have the exact sequence
and the vanishing of H 2 (G KL,Sp(KL)∪S∞(KL) , (T ′ ) ∨ (1)) follows from [28, Theorem 11.3.2(ii)] since k ∞ /k is the cyclotomic Z p -extension.
3.1. Stickelberger elements and Iwasawa main conjecture. We will recall the definition of Stickelberger elements and prove that the collection of Stickelberger elements is an Euler system of rank 0. Let K ∈ Ω be a field and n ≥ 0 an integer. Let µ p n denote the set of p n -th roots of unity in Q and µ p ∞ := n>0 µ p n . To simplify the notation, we set
We have the complex conjugate c ∈ Gal(L(µ p )/k) = G k,1 since L is a totally real field. For an
Here M c=±1 denotes the ±1-eigenspace with respect to the action of the complex conjugate c ∈ G k,1 . Since p ∤ [L(µ p ) : k], we have a decomposition
where ψ runs over all characters of G k,1 satisfying ψ(c) = −1 and M ψ denotes the maximal submodule of M on which G k,1 acts via the character ψ. Let where a runs over all integral ideals of k coprime to all the primes in S K such that the Artin symbol (a, KL(µ p n )/k) is equal to σ and N (a) is the norm of a.
It is well-known that the function ζ KL,n,S (s, σ) is continued to a holomorphic function on C \ {1}. We put θ KL,n,S := σ∈GK,n ζ KL,n,S (0, σ)σ −1 which is contained in Q[G K,n ] (see [13] ).
The elements {θ ♭ KL,n,S } n>0 are norm-coherent by Proposition 3.3. In addition, Deligne-Ribet proved in [14] that the element θ ♭ KL,n,S is contained in Z p [G K,n ] ♭ . Hence one can define an element
denote the homomorphism induced by σ → χ cyc (σ)σ −1 for σ ∈ Gal(KL(µ p ∞ )/k). We then get an elementL
(Note that χ is an even character.) Definition 3.4. For each prime q ∈ S, we set
For a field K ∈ Ω, we define a modified p-adic L-function L χ p,K ∈ Λ K to be
commutes, where π denotes the canonical projection. Hence Proposition 3.3 shows
Iwasawa modules.
In this section, we will introduce several Iwasawa modules and recall their important properties. We will freely use the facts in Appendix A.2. For a topological Z p -module M , let
Definition 3.6. For a field K ∈ Ω, we write M KL,∞ for the maximal p-ramified pro-p abelian extension of KL(µ p ∞ ) and set
. We note that we have the canonical isomorphism
and Definition A.10 for the definition of H 1 F * str (k, T ∨ K (1))).
Let q ∤ p be a prime of k. By [32, Corollary B.3.6], the subgroup of unramified cohomology classes in H 1 (G kq , T K ) coincides with H 1 (G kq , T K ). In particular, we have
Fstr (k, T K ) vanishes. Hence applying Theorem A.11 with F 1 = F str and F 2 = F can , we obtain an exact sequence of Λ K -modules:
Definition 3.7. We denote by M KL,S,∞ the maximal S K -ramified pro-p abelian extension of KL(µ p ∞ ) and put
Applying Theorem A.11 with F 1 = F SK and F 2 = F str , we get an exact sequence of Λ Kmodules:
, then local duality shows that
Furthermore, since k(µ p )/k is unramified at q, we also see H 0 (G kq , T /mT ) = 0. Hence local Euler characteristic formula implies that H 1 (G kq , T /mT ) vanishes. In particular, the module H 1 (G kq , T) vanishes, and so X χ k,S = X χ k by the exact sequence (3).
, which proves this lemma. By using Lemma 3.9, we obtain the following well-known proposition: 
. Let q ∈ S K be a prime and fix a prime q K of K above q. The inflation-restriction sequence and
Hence the right vertical map in the diagram is injective. Furthermore, H 2 (G k,SK , (T/pT) ∨ (1)) ∨ vanishes by Lemma 3.9 and
by the inflation-restriction exact sequence and [32, Lemma B.3.2]. Thus we conclude that
which implies H 2 (G k,SK , (T K /pT K ) ∨ (1)) = 0 by Nakayama's lemma. Therefore, this proposition follows from Lemmas 3.9.
Corollary 3.11. If the µ-invariant of X χ k vanishes, then, for a field K ∈ Ω, we have L χ p,K ∈ char ΛK (X χ K ). Proof. By Proposition 3.10, the µ-invariant of X χ K,S vanishes. In this case, Kurihara showed
3.3. Higher rank Euler systems for the multiplicative group. In this subsection, we will show the existence of a higher rank Euler system related to the (modified) Stickelberger elements
Recall that the prime p > 2 is coprime to the class number of k and the order of χ.
Since
, by the exact sequence (2), we obtain an exact sequence of Λ K -modules:
Recall that m denotes the maximal ideal of O.
Proof. Since we assume that p is coprime to the class number of k and H 0 (G kp , T /mT ) = 0 for each prime p ∈ S p (k), Hypotheses (H.0) and (H.1) are satisfied. Furthermore, we also assume that, for any prime p ∈ S p (k), the module H 2 (G kp , T /mT ) vanishes, Corollary A.4 implies Hypothesis (H.2). Hypothesis (H.3) follows from Proposition 3.1.
By using the Kummer duality and the Ferrero-Washington theorem (proved in [15] ), we see that the µ-invariant of X χ k vanishes if L/Q is an abelian extension. Furthermore, by using the argument as the proof of Proposition 3.10, we also see that the µ-invariant of X χ k vanishes if there is a subfield L ′ ⊆ L such that L ′ /Q is an abelian extension and that L/L ′ is a Galois extension of p-power degree.
Proof. Let K ∈ Ω be a field. Note that
). Furthermore, Lemma 3.5 and Corollary 3.11 imply
Thus, by Proposition 2.10 and Lemma 3.12, we have
Stark systems
In this section, we use the same notations as in §3. We will freely use the results in Appendix B. Throughout this section, we fix a field K ∈ Ω and suppose that • p is coprime to the class number of k and the order of χ,
Let n > 0 be an integer. For a field K ′ ∈ Ω, put
where k n denotes the n-th layler of the cyclotomic Z p -extension k ∞ /k. Note that R K ′ ,n is a zero-dimensional Gorenstein local ring. By using the second assumption and Corollary A.4, for each prime p ∈ S p (k), one can fix an isomorphism lim ← −
which induces an isomorphism
Hence local duality and the vanishing of H 2 (G kq , T /mT ) imply the vanishing of H 0 (G kq , T /mT ). Thus, for any integer n > 0, local Euler characteristic formula shows
By Remark 3.8, for a prime q ∈ S ram (L/k) \ S p (k), we also have
In particular, the exact sequence (3) shows that
4.1. Review of the theory of Stark systems. In this subsection, we recall the definition of Stark systems and some results proved in [1, 33] .
We write H for the Hilbert class field of k. Note that p ∤ [H : k] since p is coprime to the class number of k. Recall that L = k ker(χ) . Set q := #O/m and ℓ K,n := length RK,n (R K,n ). Let
We denote by N n the set of square-free products of primes in P n . For a prime q ∈ P n , let k(q) be the maximal p-extension inside the ray class field modulo q. For an ideal n ∈ N n we set k(n) := q|n k(q) and K(n) := k(n)K.
We write ν(n) := #{q | n} for the number of prime divisors of n ∈ N n .
By definition, for a prime q ∈ P n , the Frobenius element Fr q acts trivially on T K,n . Hence the module
Here k ur q denotes the maximal unramified extension of k q . Furthermore, [25, Lemma 1.2.3] implies that
Let n ∈ N n be an ideal and F a Selmer structure on T K,n . We then define a Selmer structure F n on T K,n by the following data:
• we define a local condition at a prime q | n by
• we define a local condition at a prime q ∤ n by
. Let F be a Selmer structure on T K,n . Then, for any ideals n, m ∈ N n with n | m, we have a cartesian diagram
Definition 4.3. For an ideal n ∈ N n , we put
By Definition B.4, the cartesian diagram (6) induces a homomorphism Φ m,n :
for any integer r ′ ≥ 0. Definition 4.4. Let r ′ ≥ 0 be an integer. The module SS r ′ (T K,n , F ) of Stark systems of rank r ′ is defined by the inverse limit with respect to Φ m,n :
Throughout this section, by fixing isomorphism det(W n ) ∼ = R K,n , we identify the homomorphism (7) with Φ m,n :
and we regard
To simplify the notation, we put H 1 Σ (T K,n ) := p∈Sp(k) H 1 (G kp , T K,n ). We note that, by Corollary A.4, the fixed isomorphism lim
Let us explain that we have the canonical homomorphism
Let n ∈ N n be an ideal. By the definition of the Selmer structures F str and F can (see Example A.7), we have an exact sequence of R K,n -modules
Hence, by using the fixed isomorphism H 1 Σ (T K,n ) ∼ −→ R r K,n and Definition B.4, we obtain a homomorphism l n :
Proof. We have the following commutative diagrams of R K,n -modules:
. Since any square of the above two diagrams is cartesian, by Proposition B.5, we get a commutative diagram
. Hence this lemma follows from Definition B.4. Proposition 4.6. Let n ∈ N n be an ideal with H 1 (F n can ) * (k, T ∨ K,n (1)) = 0. Then the R K,n -module H 1 F n can (k, T K,n ) is free of rank r + ν(n) and the projection map
is an isomorphism. In particular, the R K,n -module SS r (T K,n , F can ) is free of rank 1. 
Since χ is an even non-trivial character, we have χ = 1, ω.
Here ω denotes the Teichmüllar character. Hence Claim (a) is clear, and τ = 1 satisfies Claim (b).
Let us show Claim (c). Since p ∤ [L(µ p ) : k], we have . Let m be an integer with n ≤ m. For any non-zero elements c 1 , c 2 ∈ H 1 (G k , T K,n ) and c 3 , c 4 ∈ H 1 (G k , T ∨ K,n (1)), there are infinitely many primes q ∈ P m such that, for any 1 ≤ i ≤ 4, the image of c i under the localization map at q is non-zero. Remark 4.8. Let F be a Selmer structure on T K,n and m a integer with n ≤ m. By Lemma 4.7, for any integer n ≤ m, there is an ideal n ∈ N m such that
Let n ∈ N n be an ideal with H 1 (F n str ) * (k, T ∨ K,n (1)) = 0. Applying Theorem A.11 with F 1 = F n str and F 1 = F n can , we get an exact sequence
Hence the following proposition is obtained from this exact sequence and Proposition 4.6.
Proposition 4.9. Let n ∈ N n be an ideal with H 1 (F n str ) * (k, T ∨ K,n (1)) = 0. Then the R K,n -module H 1 F m str (k, T K,n ) is free of rank ν(m) and the projection map
is an isomorphism. In particular, the R K,n -module SS 0 (T K,n , F can ) is free of rank 1 and the natural homomorphism SS r (T K,n , F can ) −→ SS 0 (T K,n , F str ) is an isomorphism. Remark 4.10. Proposition 4.9 and [33, Lemma 4.6] show that the core rank χ(F str ) of F str is 0 (see [33, Definition 3.19] for the definition of the core rank).
Definition 4.11. Let ǫ = (ǫ n ) n∈Nn ∈ SS 0 (T K,n , F str ) be a system. For each n ∈ N n , we regard ǫ n as an R K,n -homomorphism Take an ideal m ∈ N n+1 such that
• the R K,n -module H 1 F m str (k, T K,n ) is free of rank ν(m) and the projection map
) is free of rank ν(m) and the projection map
is an isomorphism. Hence we obtain an R K,n+1 -homomorphism
This homomorphism is independent of the choice of the ideal m ∈ N n+1 .
As in [33, §5] , we define
For a system ǫ = (ǫ n ) ∈ SS 0 (T K , F str ) and an integer i ≥ 0, we also set
We note that we have the canonical projection
Remark 4.13. By definition, we have I 0 (ǫ) = pr K (ǫ) · Λ K for a system ǫ ∈ SS 0 (T K , F str ). (i) The Λ K -module SS 0 (T K , F str ) is free of rank 1.
(ii) If ǫ ∈ SS 0 (T K , F str ) is a basis, then we have
. In particular, we have pr K (ǫ) · Λ K = Fitt 0 ΛK (X χ K ). 4.2. Kolyvagin derivative homomorphism. Let n > 0 be an integer. In this subsection, we recall the definition of the Kolyvagin derivative homomorphism
for an integer r ′ ≥ 0. We note that S K(n) = S K ∪ {q | n} and
Let c = (c K ′ ) K ′ ∈Ω ∈ E(T ) be an Euler system of rank 0. Set K n := k n K and K n (n) = k(n)K n for an ideal n ∈ N n . We note that the field K(n) is contained in Ω and that there are canonical identifications Gal(K n (q)/K n ) = Gal(k n (q)/k n ) =: G q and Gal(K n (n)/K n ) = q|n G q .
Let q ∈ P n be a prime of k. Since p is coprime to the class number of k and q ∤ p, the field extension k(q)/k is cyclic, and hence G q is cyclic. We fix a generator σ q of G q and denote by D q ∈ Z[G q ] the Kolyvagin's derivative operator:
We also set D n :
be the canonical projection. Then it is well-known that Euler system relations imply 
The proof of [19, Lemma 4.4] shows that π K(n),n (c K(n) ) ∈ I ν(n) n and π K(n),n (c K(n) ) ≡ (−1) ν(n) κ(c) K,n,n · q|n (σ q − 1) mod I ν(n)+1 n .
Hence one can regard (−1) ν(n) κ(c) K,n,n ∈ R K,n as the "leading coefficient" of π K(n),n (c K(n) ). Take a field K ′ ∈ Ω containing K. By Lemma B.14, we have the canonical homomorphism
Furthermore, by [3, Proposition A.4], we have the canonical isomorphism
Hence, in the same manner, one can also define a higher Kolyvagin derivative homomorphism
for any integer r ′ ≥ 0 (see [3, §4.3] and [1, § §6.3 and 6.4] for the detail).
By using the localization map at p and the fixed isomorphism
for each ideal n ∈ N n . Hence by (11) ,this map induces a homomorphisim defined in [3, 26] , and construct a Stark system ǫ DR K ∈ SS 0 (T K , F str ) from the p-adic L-functions {L χ p,K ′ } K ′ ∈Ω by using the higher rank Euler system c DR ∈ ES r (T ) constructed in Theorem 3.13. Lemma 4.19 ([25, Lemmas 1.2.3 and 1.2.4]). Let q ∈ P n . We set
(iii) The fixed generator σ q ∈ G q induces an isomorphism
We fix a basis e of T K . By using the isomorphisms in Lemma 4.19 and the fixed basis e of T K , we identify H 1 f (G kq , T K,n ), H 1 /f (G kq , T K,n ), H 1 tr (G kq , T K,n ), and H 1 /tr (G kq , T K,n ) with R K,n . We note that these identifications are compatible with n, i.e., for * ∈ {f, tr, /f, /tr}, the following diagram commutes:
Definition 4.20. For an ideal n ∈ N n and a prime q ∈ P n with q | n, we put
Let n ∈ N n be an ideal and F a Selmer structure on T K,n . Then we define a Selmer structure F (n) on T K,n by the following data:
• S(F (n)) := S(F ) ∪ {q | n},
• we define a local condition at a prime q ∤ n by Fstr(m) (k, T K,n ) = H 1 Fstr(m) * (k, T ∨ K,n (1)) = 0. Applying Theorem A.11 with F 1 = F str (m) and F 2 = F m str , we conclude that the homomorphism
is an isomorphism. Hence H 1 F m str (k, T K,n ) * is generated by the set {ϕ q } q|m and, for any ideal m ′ | m and system ǫ ∈ SS 0 (T K,n , F str ), the ideal im(ǫ m ′ ) is generated by the set
We also note that, applying Theorem A.11 with F 1 = F str (m) and F 2 = F L (m), we see that ). Let F be a Selmer structure on T K,n and r ′ > 0 an integer. Let n ∈ N n be an ideal and q a prime divisor of n. Then we have two cartesian diagrams
Here we denote by H 1 Fq(n) (k, T K,n ) the kernel of the map H 1 F (n) (k, T K,n ) −→ H 1 tr (G kq , T K,n ). Hence by Definition B.4, we obtain maps
and div q :
We say that a family of elements {κ n } n∈Nn ∈ n∈Nn r ′ RK,n H 1 F (n) (k, T K,n ) is a Kolyvagin system of rank r ′ if {κ n } n∈Nn satisfies ϕ q (κ n ) = div q (κ n/q ) for any ideal n ∈ N n and prime divisor q of n. We denote by KS r ′ (T K,n , F ) the module of Kolyvagin systems of rank r ′ .
Let F be a Selmer structure on T K,n and r ′ ≥ 0 an integer. By definition, we have the following cartesian diagram
Hence by applying Definition B.4 to the above cartesian diagram, we see that the homomorphisms {ϕ q } q|n induce the following homomorphism defined by Φ → (−1) ν(n) Φ(∧ q|n ϕ q ):
Reg n :
The regulator homomorphism Reg r ′ is defined by (ǫ n ) n∈Nn → (Reg n (ǫ n )) n∈Nn : 
is an isomorphism. Then we have a commutative diagram
Since q|m ϕ q : H 1 F m str (k, T K,n ) −→ q|m R K,n is an isomorphism, the homomorphism Reg m is an isomorphism, and hence Reg 0 is injective. 
To simplify the notation, we put L χ p := {L χ p,K ′ } K ′ ∈Ω ∈ E(T ). Proposition 4.28. Suppose that the same assumptions as in Theorem 3.13 hold. Then there is a unique system
such that, for any integer n > 0,
for any ideal n ∈ N n . In particular, we have pr K (ǫ DR K ) = L χ p,K .
Proof. Let c DR denote the Euler system of rank r constructed in Theorem 3.13 and n > 0 an integer. By Theorems 4.26 and 4.27, there exists a unique system ǫ can,n ∈ SS r (T K,n , F can ) such that the image of ǫ can,n under the regulator map Reg r : SS r (T K,n , F can ) −→ KS r (T K,n , F can ) is D r,n (c DR ). We define a system ǫ DR K,n ∈ SS 0 (T K,n , F str ) to be the image of ǫ can,n under the isomorphism SS r (T K,n , F can ) ∼ −→ SS 0 (T K,n , F str ). Then the relation Reg 0 (ǫ DR K,n ) = D 0,n (L χ p ) follows from the commutative diagram (9) .
Recall that the identification H 1 /tr (G kq , T K,n ) = R K,n is compatible with n. Hence the regulator map Reg 0 : SS 0 (T K,n , F str ) −→ n∈Nn R K,n is also compatible with n. Thus, by the definition of D 0,n , it is easy to see that the set {ǫ DR K,n } n>0 is an inverse system. Hence ǫ DR K := (ǫ DR K,n ) n>0 is an element of lim ← −n>0 SS 0 (T K,n , F str ) = SS 0 (T K , F str ). (i) The system ǫ DR K constructed in Proposition 4.28 is a basis of SS 0 (T K , F str ). (ii) For each integer i ≥ 0, we have
. Proof. Theorem 4.14(i) shows that the Λ K -module SS 0 (T K , F str ) is free of rank 1. Let ǫ K ∈ SS 0 (T K , F str ) be a basis. Then there is an element a ∈ Λ K such that ǫ DR K = a · ǫ K . Theorem 4.14(ii) and Proposition 4.28 imply (5), we have aL χ p,K · Λ K = L χ p,K · Λ K . Hence we conclude that a is a unit, and ǫ DR K is a basis. Claims (ii) follows from Claim (i) and Theorem 4.14(ii).
5.
On the Fitting ideals of X χ K In this section, by using the system ǫ DR K constructed in Proposition 4.29, we prove that all higher Fitting ideals of X χ K are described by analytic invariants canonically associated with Stickelberger elements.
Throughout this section, we use the same notations as in § §3 and 4. Suppose that the odd prime p is coprime to the class number of k and the order of χ. Fix a field K ∈ Ω.
Definition 5.1. For each integer i ≥ 0, we define an ideal Θ i K,n by Θ i K,n := κ(L χ p ) K,n,n | ν(n) ≤ i, n ∈ N n = κ(L χ p ) K,n,n | ν(n) ≤ i, n ∈ N n ⊆ R K,n . Since N n+1 ⊆ N n , one can define an ideal
Remark 5.2.
(i) By Remark 4.15, the ideal Θ i K,n is generated by the leading coefficients of elements {π K(n),n (L χ p,K(n) )} n∈Nn , where π K(n),n : Λ K(n) −→ R K,n [Gal(K n (n)/K n )]
is the canonical projection map.
We give a proof of the following theorem in the next subsection. As we mentioned in Remark 1.6, the following theorem is an equivariant generalization of the main theorem in [20] .
• the µ-invariant of X χ k vanishes. Then, for an integer i ≥ 0, we have
Proof of Theorem 5.3. In this subsection, suppose that the same assumptions as in Theorem 5.3 hold. We fix an integer n > 0. Since
by Proposition 3.1 and H 1 Fstr (k, T K,n ′ ) is finite for each integer n ′ > 0, one can take a sequence {n i } ∞ i=0 of positive integers such that n = n 0 < n 1 < n 2 < · · · and a canonical map
is zero. Let End(P ni ) denote the set of maps from P ni to P ni . Fix an integer i > 0 and take an ideal n ∈ N ni and a prime q ∈ P ni with q ∤ n. For a map σ ∈ End(P ni ), we set
where the homomorphism ϕ r is defined in Definition 4.20 and we fix an order on the set of prime divisors of n. Let ǫ DR K,ni = (ǫ DR K,ni,n ) n∈Nn i ∈ SS 0 (T K,ni , F str ) be the system constructed in Proposition 4.28. Let
denote the fixed isomorphism (see the paragraph after Lemma 4.19) . We also denote by div q the composite map 
, where, in order to define ∧ r|n div r , we use the same order on the set of prime divisors of n as above. We also define an element ǫ K,ni,n,1 ∈ ν(n) RK,n H 1 F n str (k, T K,ni ) by ǫ DR K,ni,n = ǫ K,ni,n,1 ⊗ ∧ r|n div r . We set κ σ ni,n,q := (−1) ν(n) ǫ K,ni,n,q (ϕ σ n ) ∈ H 1 F nq str (k, T K,ni ).
Note that κ σ ni,n,q is independent of the choice of the fixed order on the set of prime divisors of n. We denote by κ σ nj ,n,q the image of κ σ ni,n,q in H 1 F nq str (k, T K,nj ) for 0 ≤ j ≤ i.
Definition 5.5. We set δ σ ni,n := (−1) ν(n) ǫ K,ni,n,1 (ϕ σ n ) ∈ R K,ni . The following proposition follows from the construction of cohomology classes {κ σ nj ,n,q }. Proposition 5.6. The elements {κ σ nj,n,q | n ∈ N ni , q ∈ P ni , q ∤ n, σ ∈ End(P ni )} satisfies the following relations:
(i) div r (κ σ nj ,n,q ) = ϕ σ(r) (κ σ nj ,n/r,q ) for each prime r | n, (ii) div q (κ σ nj ,n,q ) = δ σ nj ,n , (iii) ϕ σ(r) (κ σ nj ,n,q ) = 0 for each prime r | n, (iv) ϕ σ(q) (κ σ nj ,n,q ) = −δ σ nj ,nq . Remark 5.7. The key of the proof of [20, Theorem 2.1] is the construction of certain cohomology classes which satisfy the same properties (i)-(iv) in Proposition 5.6 (see [20, §1] ). However, Kurihara's construction is different from ours. We use a higher rank Euler system and a Stark system in order to construct cohomology classes {κ σ nj,n,q }. Proof. Let us show Claim (i). Since κ σ nj,n,q and κ σ nj ,n/r,q are independent of the choice of the fixed order on the set of prime divisors of n and of n/r, respectively, we may assume that ϕ σ n = ϕ σ(r) ∧ ϕ σ n/r . By the definition of Stark systems, we have Φ nq,nq/r (ǫ DR K,nj ,nq ) = ǫ DR K,nj ,nq/r (see the paragraph after Definition 4.3 for the definition of Φ nq,nq/r ). Hence by Definition B.4, we have div r (ǫ K,nj ,n,q ) = ǫ K,nj ,n/r,q , which implies div r (κ σ nj ,n,q ) = (−1) ν(n) ǫ K,nj ,n,q (ϕ σ n ∧ div r ) = div r (ǫ K,nj ,n,q )(ϕ σ(r) ∧ ϕ σ n/r ) = ǫ K,nj ,n/r,q (ϕ σ(r) ∧ ϕ σ n/r ) = (−1) ν(n/r) ǫ K,nj ,n/r,q (ϕ σ n/r ∧ ϕ σ(r) ) = ϕ σ(r) (κ σ nj ,n/r,q ). Next, we will show Claim (ii). By the definition of Stark systems, we have div q (ǫ DR K,nj ,nq ) = ǫ DR K,nj ,n . Hence by Definition B.4, we have div q (ǫ K,nj ,n,q ) = (−1) ν(n) ǫ K,nj ,n,1 , which implies div q (κ σ nj ,n,q ) = (−1) ν(n) ǫ K,nj ,n,q (ϕ σ n ∧ div q ) = div q (ǫ K,nj ,nq )(ϕ σ n ) = (−1) ν(n) ǫ K,nj ,n,1 (ϕ σ n ) = δ σ nj ,n . Claim (iii) follows from the fact that ϕ σ(r) ∧ ϕ σ n vanishes for each prime divisor r | n. By definition, the sign difference between ǫ K,nj ,nq,1 and ǫ K,nj ,n,q is the same as the one between ϕ σ nq and ϕ σ n ∧ ϕ σ(q) . Since (−1) ν(n) × (−1) ν(nq) = −1, this fact implies Claim (iv). When the map σ is the identity map, put δ ni,n := δ σ ni,n for simplicity. Lemma 5.8. We have
Proof. This lemma follows from Remark 4.22 and (10).
Lemma 5.9 ([21, Lemma 6.9]). Let 0 < j ≤ i and c ∈ H 1 F n str (k, T K,nj ). If div r (c) = 0 for any r | n, then c = 0 in H 1 F n str (k, T K,nj−1 ). Proof. We have an exact sequence
Lemma 5.10 ([21, Proposition 7.14]). Let r ∈ P ni be a prime with r ∤ nq and σ ∈ End(P ni ).
Take a homomorphism f :
In particular, we have δ σ n,nq ≡ div r (z)ϕ σ(q) (κ σ n,n,r ) (mod I i−1 (ǫ DR K,n )).
Proof. The proof of this lemma is based on that of [21, Proposition 7.14] . For an ideal m | n, we set j := ν(m) andκ Thus, by Lemma 5.9, we conclude that κ σ ni−1−j ,m,q =κ σ ni−1−j ,m,q .
Take a homomorphism f : H 1 (G k , T K,n ) −→ R K,n . Since δ σ n,n and f (κ σ n,n/s,s ) are contained in I i−1 (ǫ DR K,n ) by definition, we have f (κ σ n,n,q ) = f (κ σ n,n,q ) = −div r (z)f (κ σ n,n,r ) + δ σ n,n f (z) − s|n ϕ σ(s) (z)f (κ σ n,n/s,s )
The following lemma is proved by Kurihara in [21] .
Lemma 5.11 ([21, Proposition 9.3]). Let m ∈ N n be an ideal, x ∈ H 1 F m str (k, T K,n ), and q | m. Then there are infinitely many primes r ∈ P n with r ∤ m such that
The following corollary follows from Lemmas 5.10 and 5.11.
Corollary 5.12. Let σ ∈ End(P ni ) be a map and n ∈ N ni an ideal with ν(n) = i. Then there are infinitely many primes r ∈ P ni such that δ σ n,n ∈ R K,n · ϕ r (κ σ n,n/q,r ) + I i−1 (ǫ DR K,n ).
Proof of Theorem 5.3. Let n ∈ N ni be an ideal satisfying ν(n) = i. Take a map σ ∈ End(P ni ). Let us prove δ σ n,n ∈ Θ i K,n + I i−1 (ǫ DR K,n ) by induction on d := i − #{q | q is a prime divisor of n and σ(q) = q}.
If d = 0, then the claim follows from Lemma 5.8. Suppose that d > 0. Take a prime divisor q of n satisfying σ(q) = q. By Corollary 5.12, there is a prime r ∈ P ni such that δ σ n,n ∈ R K,n · ϕ r (κ σ n,n/q,r ) + I i−1 (ǫ DR K,n ).
We define a map σ ′ ∈ End(P ni ) to be σ ′ (r) = r and σ ′ (s) = σ(s) for s ∈ P ni \ {r}. Then Proposition 5.6 (iv) shows δ σ n,n ∈ R K,n · δ σ ′ n,nr/q + I i−1 (ǫ DR K,n ). Since σ(q) = q and σ ′ (r) = r, we obtain i − #{s | s is a prime divisor of nr/q and σ ′ (s) = s} = d − 1.
Hence applying the induction hypothesis for σ ′ and nr/q, we have δ σ ′ n,nr/q ∈ Θ i K,n + I i−1 (ǫ DR K,n ) and hence δ σ n,n ∈ Θ i K,n + I i−1 (ǫ DR K,n ). In particular, Lemma 5.8 shows I i (ǫ DR K,n ) = Θ i K,n + I i−1 (ǫ DR K,n ) for any integer i > 0. Hence Proposition 4.29 implies
Since Fitt 0 ΛK (X χ K ) ⊆ Θ 1 K,∞ by Remark 5.2(ii), we conclude that Fitt i ΛK (X χ K ) = Θ i K,∞ for any integer i > 0.
Appendix A. Notes on Galois cohomology
A.1. Remarks on continuous cochain complexes. The contents of this subsection are based on [12, Appendix A].
Let R be a complete noetherian local ring with maximal ideal m, and k a number field. Fix a finite set S of places of k satisfying S ∞ (k) ∪ S p (k) ⊆ S. Let T be a free R-module of finite rank on which G k,S acts continuously; namely, the composite map (i) For an ideal I of R, we have the canonical isomorphism
Corollary A.3 ([12, Corollary A.5]). If H 0 (G, T /mT ) = 0, then we have RΓ(G, T ) ∈ D [1, 2] perf (R).
Proof. By Theorem A.2(ii), there is a complex
of finitely generated free R-modules such that P • is quasi-isomorphic to RΓ(G, T ). The vanishing of H 0 (G, T /mT ) implies (m i /m i+1 ⊗ R T ) G = 0. Hence the exact sequence
shows (T /m i T ) G = 0 for any integer i ≥ 1 and hence H 0 (P • ) = T G = 0, which means that the map P 0 −→ P 1 is injective. Thus it suffices to show that the cokernel X := coker P 0 −→ P 1 is a projective R-module. Since R is a noetherian local ring, we only need to check Tor R 1 (X, R/m) = 0 by the local criterion for flatness. Since P 1 is a flat R-module, we have 
is an isomorphism.
Proof. Since H 2 (G, T /mT ) = 0, by Theorem A.2(ii), the module H 2 (G, T /JT ) also vanishes for any ideal J of R, and hence RΓ(G, T /JT ) ∈ D [1, 1] parf (R/J) by Corollary A.3. In particular, H 1 (G, T ) is free. The second assertion follows from Theorem A.2(i).
A.2. Selmer structures. In this subsection, we recall the definition of Selmer structures. The contents of this subsection are based on [25] . In this subsection, we assume that the residue field of R is finite.
Definition A.5. A Selmer structure F on T is a collection of the following data:
• a finite set S(F ) of places of k, including the set S,
Here k ur q denotes the maximal unramified extension of k q and I q := Gal(k q /k ur q ). We call H 1 F (G kq , T ) the local condition of F at a prime q of k.
Remark A.6. Since p is an odd prime, we have H 1 (k v , T ) = 0 for any infinite place v of k. Thus we ignore local condition at any infinite place of k.
Example A.7. Suppose that R is p-torsion-free.
(i) We define a canonical Selmer structure F can on T by the following data: -S(F can ) := S, -we define a local condition at a prime q ∤ p by
, -we define a local condition at a prime p | p by
Fcan (G kq , T ) := H 1 (G kq , T ). (ii) We define a strict Selmer structure F str on T by the following data:
-S(F str ) := S, -we define a local condition at a prime q ∤ p by
Fstr (G kq , T ) := 0. (iii) We define a Selmer structure F S on T by the following data:
-S(F S ) := S, -we define a local condition at a prime q ∈ S by
Remark A.8. Let F be a Selmer structure on T and R −→ R ′ a surjective ring homomorphism. Then F induces a Selmer structure on the R ′ -module T ⊗ R R ′ , that we will denote by F R ′ . If there is no risk of confusion, then we write F instead of F R ′ .
Definition A.9. Let F be a Selmer structure on T . Set
for any prime q of k. We define the Selmer group H 1 F (k, T ) ⊆ H 1 (G k,S(F ) , T ) associated with F to be the kernel of the direct sum of localization maps:
where q runs through all the primes of k.
For a topological Z p -module M , let M ∨ := Hom cont (M, Q p /Z p ) denote the Pontryagin duality of M . For any integer n > 0, let µ p n denote the group of all p n -th roots of unity. The Cartier dual of T is defined by
Then we have the local Tate paring
Definition A.10. Let F be a Selmer structure on T . Put
In this manner, the Selmer structure F on T gives rise to a Selmer structure F * on T ∨ (1). Hence we obtain the dual Selmer group H 1 F * (k, T ∨ (1)) associated with F ;
In this paper, we refer to the following theorem as global duality. 
for any prime q of k, Then we have the following exact sequence:
Appendix B. Exterior bi-dual
We fix a noetherian commutative ring R. For i ∈ {1, 2}, let M i be an R-module and F i a free R-module of rank s i . Suppose that we have the following cartesian diagram:
where the horizontal arrows are injective. The
Definition B.4 ([33, Definition 2.3]). For any cartesian diagram as above and an integer r ≥ s 2 − s 1 , we have an R-homomorphism Φ :
where the first map is induced by the isomorphism
where b is a lift of b in s1 R F * 2 and the second map is induced by Φ. 
the map given by Definition B.4. Then we have
B.3. Base change. In this subsection, we slightly generalize the results proved in [12, Appendix B] . Recall that R is a noetherian commutative ring. Let M be a finitely generated R-module.
Definition B.6.
(i) The ring R is said to satisfy the condition (G 1 ) if the local ring R r is Gorenstein for any prime r of R with ht(r) ≤ 1. Remark B.9. If R ′ is a flat R-algebra, then we have the canonical isomorphism Proof. We may assume dim(R) > 1. Since R is a noetherian ring, there is a sequence of submodules 0 = M 0 ⊆ M 1 ⊆ · · · ⊆ M n = M such that M i+1 /M i is isomorphic to R/r for some prime ideal r of R for each integer 0 ≤ i < n. Hence we may assume that M = R/r for some prime ideal r of R. Since R/r is pseudo-null, we have ht(r) ≥ 2.
There is an exact sequence
The ring R has no embedded primes since R satisfies (S 1 ). Let Q denote the total ring of fractions of R. we have r · Q = Q since ht(r) ≥ 2 and R has no embedded primes. Hence we conclude that Hom R (R/r, R) vanishes and there is a canonical identification
It suffices to show that
There is a regular element x ∈ R with y := xf ∈ R. Let us show y ∈ xR. Let xR = n i=1 I i be a minimal primary decomposition of xR. Since x is a regular element and R satisfies (S 2 ), the ring R/xR satisfies (S 1 ) and hence R/xR has no embedded primes. This fact implies the prime ideal √ I i has height one. Since ht(r) ≥ 2, we have
Lemma B.12. Let 0 −→ M −→ P 1 α −→ P 2 be an exact sequence of R-modules, where P 1 and P 2 are free R-modules of finite rank. Put I = im(P 1 −→ P 2 ). If R satisfies (G 1 ) and (S 2 ), then the canonical map
for any integer r ≥ 1.
Remark B.13. When R is Gorenstein, this lemma has already been proved in [12, Lemma B.2] .
Proof. Since P 2 is a projective R-module, we have an isomorphism
. Hence, since P 1 is a projective R-module, by taking R-duals to the exact sequence 0 −→ M −→ P 1 −→ I −→ 0, we obtain an exact sequence of R-modules
This exact sequence gives rise to the exact sequence
Passing to R-duals once again and using the canonical identification We remark that Ext 2 R (P 2 /I, R) is pseudo-null since R satisfies (G 1 ). Hence the kernel and cokernel of the homomorphism Lemma B.14. Let R −→ R ′ be a ring homomorphism of noetherian rings satisfying (G 1 ) and (S 2 ). Let C ∈ n>0 D [1,n] perf (R). Then for any integer r ≥ 0, there is a canonical homomorphism
Proof. This lemma follows from Lemma B.12.
Lemma B.15. Let J be a directed poset and {R j } j∈J an inverse system of noetherian rings satisfying (G 1 ) and (S 2 ). Set R := lim ← −j∈J R j and let
such that P i is a finitely generated projective R-module. If R is a noetherian ring satisfying (G 1 ) and (S 2 ), then, for any integer r ≥ 0, the canonical maps
Proof. For j ∈ J and i ∈ {1, 2}, put P i j := P i ⊗ R R j and I j := im(P 1 j −→ P 2 j ). We also set I := im(P 1 −→ P 2 ). Since P 1 j is a free R j -module, by Lemma B.12, we have
Since I j is a submodule of P 2 j , the canonical map I −→ lim ← −j∈J I j is injective. This shows that By taking R-duals to this commutative diagram, we obtain the following commutative diagram: Remark C.9. In general, the characteristic ideal is not additive on the (split) short exact sequence of finitely generated R-modules. We give two counter-examples. We devote the rest of this appendix to proving the following important property of characteristic ideals.
We fix a basis ω ∈ s R (R * ) s . We also denote by ω the images of ω in 
